Harper, J.R. and J. Roitberg, Phantom maps and spaces of the same n-type for all n, Journal of Pure and Applied Algebra 80 (1992) 123-137. This paper develops the connection between the set of phantom maps from X to Y and the set of homotopy types W having the same n-type as Z, for all n, where Z = X X R Y or Y v XX. Using recent work making calculations of the space of phantom maps possible, we can give explicit constructions of various W's.
Introduction
In this paper, we explore a connection between Ph(X, Y), the set of homotopy classes of phantom maps from X to Y, and SNT(Z), the set of homotopy types of spaces W such that W has the same n-type as Z for all n. Here Z may be taken to beeitherXx0Yor
YvsX. The idea that such a connection exists is not novel; it goes back to Gray [l] , who showed that for suitably chosen X, Y (for instance, X = K(Z, 2), Y = S"), The paper is organized as follows. In Section 2, we review some salient results on Ph(X, Y) from [6-S, lo] . For use in Section 3, we also study the relationship between Ph(X, Y) and the collection {Ph(X, Y(,,,)}, where Y(,,, denotes, as usual, the p-localization of Y. In Section 3, we define and examine functions F : Ph(X, Y) -+ SNT(X x fl Y), C : Ph(X, Y) + SNT( Y v XX) and establish the nontriviality of these functions under appropriate hypotheses. Finally, in Section 4, we specialize the theorems of Section 3 to obtain explicit examples of spaces Z-for example, R"(K(z, n) X s") (k 2 2, n -k 2 2) andxk(S" v K(Z, n)) (k 2 2, y1 2 2)-for which SNT(Z) is nontrivial, indeed uncountable.
Phantom maps and localization
Throughout, X and Y will be taken to be path-connected CW-spaces such that either Y is a grouplike space or X is a cogroup; in this way, the set Ph(X, Y) admits a natural group structure.
In order to have available the results of [6, 7 , lo], we also require X and Y to satisfy modest connectivity and finiteness conditions; it is sufficient to have X and Y l-connected, of finite type, and, in the case that X is a cogroup, TAX a finite group.
Let X&X,,,, be a rationalization map, and consider the fibration-cofibration
with connecting map Xcoj &2X,.
The main structure theorem on Ph(X, Y) may be stated as follows. 
of rational vector spaces of uncountable dimension over Q. ' We remind the reader that the symbols M and + stand for mono and epi respectively. under the given conditions on X and Y. 0
Phantom maps and SNT(Z)
If Z is a path-connected CW-space, SNT(Z) denotes the set of homotopy types of spaces W such that, for all n, p,,w= p,,z 1 where P,, denotes the nth Postnikov approximation. The (homotopy type of the) space Z serves asibasepoint for SNT(Z). For a map X-+ Y, let F, denote the homotopy-fiber off and Cr the mapping cone of f. As X and Y are l-connected, F, is path-connected and Cr is lconnected.
Standard arguments show that
We state this formally as the following theorem: Proof. The map of fibrations may be filled in with a suitable map F,,_,,,Ds A F4. As 5 and 77 ' are homotopy equivalences, it is plain that h induces isomorphisms on homotopy groups, hence is itself a homotopy equivalence.
Dually, one finds a map C,,,,.,L C, inducing isomorphisms on homology groups, hence a homotopy equivalence. 0
The functions F and C are also far from conditions on X and Y ensuring that F and We begin with F: Let X= K(Z, n), n 22 of) a finite cell complex. being surjective.
Our aim is to find C have nontrivial images. and let Y be (an iterated loop space and think of the latter as an integer, using the identification
We have ~~d=S~i~f~j=O, since$oi=O. for some map K(Z, n)A R Y. Since, by Theorem 2.1, g is necessarily phantom, it follows that is the 0 map. Finally, using (3.7), we see that maps the factor n,,K(Z, n) trivially, hence that f cannot be a homotopy equivalence. 0
Remark. Note that in Lemma 3.3, the grouplike structure on Y does not come into play. If II is even, we take L to be the homotopy-fiber of L,, denoting the identity map of K(Z, n). Writing SnR K(Z, n) for a generator, we have, since the composite
Id2 If Id L; .,I:,,
(with the rows fibration sequences) and These, in turn, induce commutative diagrams
(with the rows exact) and 
